Abstract. In this paper, we classify all finite groups whose character tables have some column with pairwise distinct values.
Introduction
Characterizing finite groups using the full or just partial information on the (ordinary) character tables of the groups is one of the main problems in the character theory of finite groups. Many important results in this direction have been found using just the first column of the character table, i.e. the set cd(G) of the degrees of complex irreducible characters of the finite group G. In this paper, we are interested in the behavior of other columns. For a finite group G, we denote by Irr(G) the set of all irreducible complex characters of G. An element g ∈ G is called a non-vanishing element if χ(g) is non-zero for all χ ∈ Irr(G), that is, the column of the character table of G labeled by the conjugacy class g G of G containing g has no zero entry. In [DNPST, INW] , the authors proved that a non-vanishing element g of a finite group G lies in the Fitting subgroup F(G) of G provided that |g|, the order of g, is coprime to 6, or coprime to 2 when G is solvable. A finite group G is called an MV(g)-group for some element g ∈ G if χ(g) = ψ(g) for every χ = ψ ∈ Irr(G). In other words, G is an MV(g)-group if distinct irreducible characters of G take distinct values at g, that is to say the column of the character table of G labeled by g G has pairwise distinct entries. Clearly, if G is an MV(g)-group, then g is a non-vanishing element or there is exactly one zero entry in the column labeled by g G . The MV(g)-groups (or just MV-groups) have been studied in [BCG, QZ] . In this latter reference, the authors classified all finite solvable MV-groups; and in the former, Bianchi, Chillag and Gillio classified MV(g)-groups under the assumption that g is rational. As it turns out the only nontrivial MV(g)-groups, where g is rational, are the symmetric groups of degree 2 or 3. From this result, one can deduce that if G is an MV(g)-group with g = 1, the identity of G, equivalently, all irreducible characters of G have pairwise distinct degrees, then G is trivial.
The purpose of this paper is to classify nonsolvable MV-groups.
Theorem A. Let G be a finite nonsolvable group. Suppose that the complex irreducible characters of G take pairwise distinct values at some g ∈ G. Then G ∼ = A 5 and |g| = 5.
The converse of this statement is also true. In fact, A 5 is an MV(g)-group for every g ∈ A 5 of order 5 (there are two conjugacy classes of such elements in A 5 , see Table 1 ). Combining with [QZ, Theorem 1 .1], we obtain the complete classification of MV-groups.
Theorem B. Let G be a finite group. Then the complex irreducible characters of G take pairwise distinct values at some g ∈ G if and only if
(1) G is solvable, G = g G and the following cases hold.
(a) G = g is a cyclic group with generator g.
(b) G is a Frobenius group of order p n (p n − 1) with a cyclic complement of order p n − 1. (c) G = SL 2 (3) or 3 2 : SL 2 (3) and g is of order 3.
(2) G ∼ = A 5 and |g| = 5.
As one may expect, we prove the main Theorem A by reducing it to almost simple groups, and of course using the Classification of Finite Simple Groups. We emphasize that the treatment of almost simple groups requires a quite delicate consideration of the influence of outer automorphisms of simple groups S on irreducible characters of S.
There is a dual question for the row of the character table, that is, to classify all the pairs (G, χ) where G is a finite group and χ ∈ Irr(G) is nonlinear such that χ takes distinct values at distinct conjugacy classes of G, or equivalently, the row labeled by χ has pairwise distinct values. Unlike the columns, the row corresponding to a nonlinear irreducible character always contains a zero by the famous Burnside's theorem and thus such χ vanishes on a unique conjugacy class of G. The case when χ is imprimitive was studied in [BT] . Finally, one can generalize the concept of MV-groups by considering finite groups G with some element g ∈ G in which distinct nonlinear irreducible characters of G take distinct values at g. This would give a generalization of the result in [BCH] .
Proof of Theorem A
For a finite group G and N G, we define Irr(G|N ) = Irr(G)−Irr(G/N ) and cd(G|N ) = {χ(1)|χ ∈ Irr(G|N )}. If θ ∈ Irr(N ), then the inertia group of θ in G is denoted by I G (θ) and we write Irr(G|θ) for the set of irreducible constituents of θ G . Let ρ(G) be the set consisting of primes dividing some character degree of G. Finally, let ∆(G) be a graph with vertex set ρ(G) and there is an edge between two distinct primes r and s if rs divides some character degree of G. We begin with the following obvious lemma whose proof will be omitted.
Lemma 2.1. Let G be a finite MV(g)-group for some g ∈ G and let N G be a proper normal subgroup of N.
In the next statement, we study a minimal counterexample to Theorem A. Proposition 2.2. Let (G, g) be a counterexample to Theorem A with |G| minimal. Then
then G has a unique nonlinear irreducible character which is not irreducible upon restriction to G . (iii) G is an almost simple group with nonabelian simple socle G and G/G is cyclic with generator gG .
Proof. Suppose that (G, g) is a counterexample to Theorem A with |G| minimal. Then G is a nonsolvable MV(g)-group but G ∼ = A 5 . If G is nonabelian simple, then we have nothing to prove. So assume that G is not simple. By Lemma 2.1(a), G/G is cyclic with generator gG . Let θ ∈ Irr(G ) and suppose that θ is not G-invariant.
We need to show that T = G . Suppose by contradiction that T = G . Then T /G is a nontrivial cyclic subgroup of G/G . Hence θ extends to θ 0 ∈ Irr(T ) by [Is, Corollary 11.22] and by Gallagher's Theorem [Is, Corollary 6.17] , θ 0 λ with λ ∈ Irr(T /G ) are all the irreducible constituents of θ T and are distinct for distinct λ. Hence, since T /G is nontrivial, we can find φ 1 = φ 2 ∈ Irr(T |θ) and thus φ G i ∈ Irr(G) are distinct and both vanish at g as g G ∩ T = ∅, a contradiction. Therefore, θ G ∈ Irr(G) whenever θ ∈ Irr(G ) is not G-invariant which proves (i). For (ii), suppose that G has two distinct nonlinear irreducible characters χ i , i = 1, 2 which are not irreducible upon restriction to G and let θ i ∈ Irr(G ) be an irreducible constituent of (χ i ) G . Now for i = 1, 2, θ i is not G-invariant as otherwise since G/N is cyclic θ i extends to G by [Is, Corollary 11.22] and thus χ i is an extension of θ i , a contradiction. Therefore, both θ i are not G-invariant and hence by (i), χ i = θ G i ∈ Irr(G), so they both vanish at g, a contradiction. We now prove (iii), let M be a fixed minimal normal subgroup of G. Claim 1. G/M is solvable and M is nonabelian. It suffices to show that G/N is solvable and since G is nonsolvable, M must be nonabelian. Suppose to the contrary that G/M is nonsolvable. By Lemma 2.1(b), G/M is a nonsolvable MV(gM )-group. As |G/M | < |G|, by the minimality of |G|, G/M ∼ = A 5 and g 5 ∈ M. From the character table of A 5 given in Table 1 , there exists χ 5 ∈ Irr(G/M ) with χ 5 (g) = χ 5 (gM ) = 0. Moreover, if χ ∈ Irr(G|M ), then χ(g) ∈ {0, ±1}. We proceed by proving the following.
(a) M is abelian. Suppose by contradiction that M is nonabelian. Then M ∼ = S k for some nonabelian simple group S and some integer k ≥ 1. By [BCLP, Theorems 2, 3, 4] , S has a nontrivial irreducible character θ ∈ Irr(S) which is extendible to Aut(S) and thus ϕ = θ k ∈ Irr(M ) extends to ϕ 0 ∈ Irr(G) by [BCLP, Lemma 5] . By Gallagher's Theorem [Is, Corollary 6 .17], we know that ψ = ϕ 0 χ 5 ∈ Irr(G) and definitely χ 5 = ψ. But then ψ(g) = ϕ 0 (g)χ 5 (g) = 0 = χ 5 (g), which is impossible. Hence, M is abelian.
We show that M = 1. Assume that M = 1 and let 1 M = λ ∈ Irr(M ). Let ψ 1 = 1 M × χ 5 and ψ 2 = λ × χ 5 . Then ψ i , i = 1, 2 are distinct irreducible characters of G ∼ = M × A 5 and they both vanish at g, which is a contradiction as G is an MV(g)-group. Thus M = 1 and G ∼ = A 5 , a contradiction. Hence, G = G as wanted.
is not an MV-group by checking [CCNPW] .
Without loss of generality, we can assume that g ∈ K ≤ T. Then K = M g and K/M is cyclic of order 5. By Table 2 , the only proper over-group of a Sylow 5-subgroup of A 5 is a group isomorphic to D 10 , so
In both cases, the Schur multiplier of T /M is trivial and since θ is T -invariant, θ extends to θ 0 ∈ Irr(T ) by [Is, Theorem 11.7] . Let ϕ ∈ Irr(T |θ). By Gallagher's Theorem, ϕ = θ 0 µ for some µ ∈ Irr(T /M ) and ϕ G (1) = |G : T |ϕ(1) = |G : T |θ(1)µ(1) = |G : T |µ(1). If T /M ∼ = Z 5 then µ(1) = 1 and |G : T | = 12; and if T /M ∼ = D 10 , then µ(1) ∈ {1, 2} and |G : T | = 6. Therefore, ϕ G (1) = |G : T |µ(1) ∈ {6, 12}.
(e) {1, 3, 4, 5} ⊆ cd(G) ⊆ {1, 2, 3, 4, 5, 6, 12}. Clearly cd(G/M ) = {1, 3, 4, 5} ⊆ cd(G). For the other inclusion, we need to show that if 1 M = θ ∈ Irr(M ) and χ ∈ Irr(G|θ), then χ(1) ∈ {2, 4, 6, 12}. This proves our claim since cd(
= Irr(G|θ) and e i ≥ 1 for 1 ≤ i ≤ k. Since θ is not extendible to G, e i > 1 for all i and thus each e i is the degree of a proper projective irreducible representation of A 5 . By [CCNPW] , we have e i ∈ {2, 4, 6}. So χ i (1) = e i θ(1) = e i ∈ {2, 4, 6}. Hence the result follows.
(f ) ∆(G) has exactly two connected components. From (e), we have ρ(G) = {2, 3, 5}. By (c) and (d) above, 2 and 3 are adjacent in ∆(G) and by (e), 5 is an isolated vertex, therefore ∆(G) has exactly two connected components, namely {2, 3} and {5}.
(g) The contradiction. Since G is perfect but not simple and ∆(G) has two connected components, [LW, Theorem 6 .2] yields that either G ∼ = SL 2 (q) for some odd prime power q ≥ 5 or G has a normal subgroup L such that G/L ∼ = SL 2 (q) for some prime power q ≥ 4, L is elementary abelian of order q 2 , and G/L acts transitively on Ω = Irr(L)\{1 L }. Assume first that G ∼ = SL 2 (q) for some odd prime q ≥ 5. Let Z := Z(G) ∼ = C 2 . Since ZM/M G/M ∼ = A 5 and ZM/M is abelian, we have Z ≤ M. As M is a minimal normal subgroup of G, we obtain M = Z which implies that PSL 2 (q) ∼ = A 5 with q odd. Therefore, q = 5 and thus G ∼ = SL 2 (q). However, SL 2 (5) ∼ = 2 · A 5 is not an MV-group.
Assume that the latter case holds. As above, we see that
We first claim that G = G . Suppose to the contrary that G = G . Then G/G is a solvable MV(gG )-group by Lemma 2.1(b). As G/G is solvable of derived length 2, we deduce from [QZ, Theorem 1.1] that G/G is a Frobenius group with cyclic Frobenius complement of order p n − 1 for some prime p and some integer n ≥ 1 and a Frobenius kernel F/G of order p n . Moreover, G = g F and g p n −1 ∈ F. Clearly, G/G has an irreducible character φ ∈ Irr(G/G ) of degree p n − 1 and φ(g) = φ(gG ) = 0. As in the proof of Claim 1a, M possesses an irreducible character ϕ ∈ Irr(M ) which is extendible to ϕ 0 ∈ Irr(G) and by Gallagher's Theorem, ψ = ϕ 0 φ ∈ Irr(G) and so
is the last term of the derived series of G. Now as G/M is solvable by Claim 1, we deduce that G = G (∞) ≤ M, which implies that M = G since M is a minimal normal nonabelian subgroup of G.
Claim 3. G is almost simple with nonabelian simple socle G . We have that G = G g by Lemma 2.1(a), so G/G is cyclic. By Claim 2, G is the unique minimal normal subgroup of G, which implies that C G (G ) = 1. Hence G embeds into Aut(S) S k , where G ∼ = S k for some nonabelian simple group S and some k ≥ 1.
Let θ ∈ Irr(S) be a nontrivial character of S which is extendible to Aut(S) and let α ∈ Irr(S) \ {1 S , θ}. Let ϕ = θ × 1 S × · · · × 1 S and ψ = θ × α × · · · × α. Then ϕ and ψ are distinct irreducible characters of G with distinct degrees and they are both not G-invariant. By (i), ψ G and ϕ G are irreducible characters of G and are distinct by comparing their degree; however this contradicts (ii). Hence k = 1 and thus G is almost simple with nonabelian simple socle G as wanted.
Proposition 2.3. Let G be a finite almost simple group with nonabelian simple socle G . Suppose that G is an MV(g)-group for some g ∈ G and that G is a simple sporadic group, the Tits group or an alternating group of degree at least 5. Then G ∼ = A 5 and |g| = 5. 5B Proof. Let S = G be a one of the nonabelian simple groups in the lemma and suppose that G is an almost simple MV(g)-group for some g ∈ G with socle S. We consider the following cases:
(a) S is an alternating group of degree at least 5. We know that Aut(A n ) ∼ = S n if n = 6 and Aut(A 6 ) ∼ = C 2 2 . (i) S ∼ = A n , 5 ≤ n ≤ 9 and S G ≤ Aut(S). By using [CCNPW] , we can check that only A 5 is an MV(g)-group with |g| = 5.
(ii) S ∼ = A n , n ≥ 10 and G ∼ = S n . By Proposition 2.2(ii), it suffices to show that S n possesses two distinct nonlinear irreducible characters which are reducible upon restriction to A n . It is well known that the irreducible complex characters of S n are parametrized by partitions of n. Denote by χ λ the irreducible character of S n corresponding to partition λ of n. The irreducible characters of the alternating group A n are then obtained by restricting χ λ to A n . In fact, χ λ is still irreducible upon restriction to A n if and only if λ is not self-conjugate. Otherwise, χ λ splits into two irreducible characters χ λ± of A n having the same degree. Therefore, it suffices to find two different partitions of n, which are self-conjugate.
If n = 2k + 9 is odd, where k ≥ 1, then we choose
and if n = 2k + 8 is even then one can choose
Obviously both λ i are distinct self-conjugate partitions of n as required.
(iii) G = S ∼ = A n , n ≥ 10. Assume that n = 2k + 9 is odd. Let
be elements in A n . Let λ i , i = 1, 2 be partitions of n given in (1). As both λ i are selfconjugate, we deduce that (χ
, and similarly, if x is not conjugate to g 2 , then χ
As g 1 and g 2 lie in different A n -conjugacy classes, A n is not an MV-group when n is odd. Assume next that n = 2k+8 is even. The same argument as above applies by taking
and λ i , i = 1, 2 the partitions of n given in (2).
(b) S is a sporadic simple groups or the Tits group. Using [CCNPW] , except for M 11 , M 12 , M 22 , M 22 · 2, M 24 and Co 2 , every almost simple group with socle S has at least two zeros in a column different from the first column of the ordinary character table. For the remaining cases, it is routine to check that these groups are not MV-groups.
Let S denote the set consisting of the following nonabelian simple groups:
For an integer n ≥ 1, denote by Φ n (x) the nth cyclotomic polynomial in variable x. For n = 4, 6, 12, we also define
for n = 4, 6, 12. Let q, n ≥ 2 be integers. Suppose that (q, n) = (2, 6) and if n = 2, assume q + 1 is not a 2-power. Then q n − 1 has a primitive prime divisor (p.p.d) r = r(q, n) by Zsigmondy's theorem [Zs] , that is, r|(q n − 1) but r Table 4 . Two maximal tori of simple classical groups
Recall that an element x in a finite group G is called rational if x and x k are Gconjugate for every integer k with (|x|, k) = 1. Observe that x is rational if and only if
The following lower bounds for φ(m) might be useful for checking (4). For a proof, see, for example, [BT, Lemma 3 .1].
Lemma 2.4. If n ≥ 1 is an integer, then φ(n) ≥ n/a, where a = 2 if n ≡ 2 (mod 4), otherwise a = 1. Proposition 2.5. Let H be an almost simple group with non-abelian simple socle S = H < H = g, S . Suppose that H is an MV(g)-group, S is a simple group of Lie type in characteristic p, and S / ∈ S. Then H ≤ Inndiag(S).
Proof. (i) We can find a simple, simply connected algebraic group G defined over a field of characteristic p and a Frobenius morphism F : G → G such that S = G/Z(G) for G := G F . We refer to [Ca] and [DM] for basic facts on the Deligne-Lusztig theory of complex representations of finite groups of Lie type. In particular, irreducible characters of G are partitioned into (rational) Lusztig series which are labeled by conjugacy classes of semisimple elements s in the dual group G * , where the pair (G * , F * ) is dual to (G, F ) and 
The structure of Aut(S) is described in [GLS, Theorem 2.5 .12]; in particular, it is a split extension of J := Inndiag(S) by an abelian group A(S) = ΦΓ, where Φ is the group of (outer) field automorphisms and Γ is the group of (outer) graph automorphisms. We will let ∆ denote the cyclic subgroup induced by JΦH in Aut(S)/JΦ. Also, let G be defined over F q with q = p f .
By way of contradiction, assume that H ≤ J. By Proposition 2.2, H acts transitively on the set X of non-H-invariant irreducible characters of S.
(ii) First we consider the case where S is of type D 2n with n ≥ 2 and ∆ = 1. Note that Γ → S 3 , and every unipotent character of S is JΦ-invariant by [M2, Theorem 2.5] . If ∆ ∼ = C 3 , then n = 2 and ∆ has two nontrivial orbits (of length 3) on the set of unipotent characters of S by [M2, Theorem 2.5(b) ]. If ∆ ∼ = C 2 , then ∆ has at least two nontrivial orbits (of length 2) on the set of unipotent characters of S by [M2, Theorem 2.5(a)], for instance the pairs of unipotent characters labeled by the degenerate symbols
The same argument applies to the case where S = F 4 (2 2a+1 ) (with a ≥ 1) and ∆ = 1, by using [M2, Theorem 2.5(e)].
(iii) Next we consider the situation (*) where we can find a prime r 1 ≥ 5 and an integer r 2 = r 1 which is either 1 or a prime ≥ 5 and a maximal torus T < G * , such that gcd(r, |G * /[G * , G * ]|) = 1 and the following conditions hold for any semisimple element s ∈ T ∩ G * of order r := r 1 r 2 :
, this implies that one can consider χ s as an irreducible character of S); (b) χ s is not H-invariant.
First we observe that conditions (a) and (b) also hold for any semisimple element t ∈ [G * , G * ] of order divisible by r. Indeed, since r 1 = r 2 , we may assume that s = t k has order r for some integer k. Now C G * (t) ≤ C G * (s) = T and C G * (t) contains a maximal torus, whence C G * (t) = C G * (s) = T and so it is connected. So we may consider χ t ∈ Irr(S). Suppose that χ t is H-invariant. Then t and t g are G * -conjugate, whence s and s g are G * -conjugate, and so χ s is H-invariant, a contradiction.
, and write T 0 = T 1 ×T 2 ×T 3 , where T 1 = O r 1 (T 0 ), T 2 = O r 2 (T 0 ) if r 2 = 1 and T 2 = 1 if r 2 = 1. Now we show our assumptions on H imply that (3)
T 3 = 1, and
Indeed, since H is transitive on X , the above observation implies that H fuses the G * -classes of all elements t ∈ T 0 of order divisible by r; in particular, all of them have the same order r. It follows that T 3 = 1, and exp(T i ) = r i for i = 1, 2. Consider any two elements t = xy and t = x y of order r with x, x ∈ T 1 and y, y ∈ T 2 . We then have that [t] and [t ] are fused by some h ∈ H. Since inner-diagonal automorphisms preserve semisimple characters, we may assume that h ∈ A(S) and h acts on G * . Now we have t = hutu −1 h −1 for some u ∈ G * , whence hu conjugates C G * (t) = T to C G * (t ) = T . Note that T centralizes T t. If r 2 = 1 then T 1 = T 0 , whereas if r 2 > 1 then (|T 1 | − 1)(|T 2 | − 1) > 2|T 0 |/3. Hence the claim follows.
(iv) Suppose that S = E 6 (q) = E 6 (q) or 2 E 6 (q). Set (v) The results of (ii) and (iv) show in particular that |∆| = 1, i.e. H can induce only outer field automorphisms of S.
Consider the case S is one of the following groups: 2 B 2 (q) with q ≥ 2 5 , 2 G 2 (q) with q ≥ 3 5 , 3 D 4 (q) with q > 2, 2 F 4 (q) with q ≥ 8, or E 8 (q). Following the proof of [MT, Proposition 4.4] , one can show that (*) holds with r 2 = 1 and r 1 = r(p, mf ), and m = 4, 6, 12, 12, 30, respectively. Furthermore, |Φ| · |∆| = 3f if S = 3 D 4 (q) and f otherwise, and 4, 6, 4, 12, 30, respectively , where = ± is chosen suitably. As |T 0 | = |T |, (3) cannot hold.
Next let S be one of the following groups: B n (q) or C n (q) with n ≥ 3, or E 7 (q). Following the proof of [MT, Proposition 4.5] , one can show that (*) holds with r 2 = 1 and r 1 = r(p, mf ), and m = 2n, 2n, 18 respectively. Furthermore, |Φ| · |∆| = f , and |T | = q n + 1, q n + 1 or Φ 2 (q)Φ 18 (q), respectively. Also, T /T 0 → C gcd(2,q−1) . Hence, if S = E 7 (q) then T 3 = 1, contradicting (3). In the remaining cases, |N G * (T )/T | = 2n, and so (3) cannot hold either. In the case S = PSL 2 (q) with q ≥ 11, one can check that (*) holds with r 2 = 1, r 1 = r(p, 2f ), |T | = q + 1, |N G * (T )/T | = 2. Since |Φ| · |∆| = f , we see that (3) is violated.
We are left with the case S = D n (q) with 2|n and ∆ = 1. Following the proof of [MT, Proposition 4.5] , one can show that (*) holds with r 2 = 1 and r 1 = r(p, (2n − 2)f ), |Φ| · |∆| = f , |T | = (q + 1)(q n−1 + 1), |T /T 0 | ≤ gcd(4, q n − 1), and |N G * (T )/T | = 2n − 2. Again, we can check that (3) cannot hold.
Proposition 2.6. Let H be an almost simple group with non-abelian simple socle S = H . Suppose that H is an MV(g)-group for some g ∈ H and S is a simple groups of Lie type in characteristic p. Then H ∼ = PSL 2 (5) ∼ = PSL 2 (4) ∼ = A 5 and |g| = 5.
Proof. (I) Case 0: S ∈ S or S ∼ = PSL 2 (q) with q = p f ≥ 32. If S ∈ S, then H ∼ = A 5 by checking [CCNPW] or [GAP] . So, assume S ∈ S. By Proposition 2.5, we may assume that H ≤ Inndiag(S).
Assume that S ∼ = PSL 2 (q) with q ≥ 32. We have that H ∼ = S or H ∼ = PGL 2 (q). The character tables of SL 2 (q) and PGL 2 (q) can be found in [Do, §38] and [St] , respectively. Assume first that q ≥ 32 is even. Then H ∼ = SL 2 (q) and the result follows by checking [Do, Theorem 38.2] . So, assume q > 32 is odd. By [Do, Theorem 38 .1], SL 2 (q) has irreducible characters labeled by χ i (1 ≤ i ≤ (q − 3)/2) of degree q + 1 and θ j (1 ≤ j ≤ (q − 1)/2) of degree q − 1. Let z = Z(SL 2 (q)). Then χ i (z) = (−1) i (q + 1) and θ j (z) = (−1) j (q − 1) and thus if i and j are even, then χ i and θ j can be considered to be irreducible characters of PSL 2 (q). By our assumption on q, the characters χ 2 , χ 4 and θ 2 , θ 4 are irreducible characters of S. We also have that |g| = p or divides q ± 1 for every g ∈ S. If the first case holds, then χ 2 (g) = 1 = 1 H (g). For the latter case, since g is nontrivial, r divides |g| for some prime r = p. As |S| = q(q 2 − 1)/2, χ i or θ i with i ∈ {2, 4} are of r-defect zero and thus there are two distinct irreducible characters of S which vanish at g. Finally, assume that H ∼ = PGL 2 (q) with q > 32 odd. As H/S ∼ = C 2 , we have Irr(H/S) = {1 H/S , λ} with λ(x) = −1 for x ∈ H \ S. Since g ∈ H \ S, we have λ(g) = −1 and also 1 H/S (g) = 1. By [St, §2] , the two irreducible characters of H of degree q take values ±1 on every element lying outside S. Thus H is not an MV-group in this case.
(II) From now on, we may assume that S / ∈ S and S ∼ = PSL 2 (q). We consider the setup as in Proposition 2.5. Let G be a simple, simply connected algebraic group defined over a field of characteristic p and a Frobenius morphism F : G → G such that S = G/Z(G) for G := G F . Let the pair (G * , F * ) be dual to (G, F ) and
We consider the situation (**) where we can find a prime r ≥ 5 and a maximal torus T ⊂ G * , such that gcd(r, |G * /[G * , G * ]|) = 1 and the following conditions hold (i) for any semisimple element s ∈ T ∩ G * of order r, we have
x is cyclic where x is non-rational.
As mentioned in Proposition 2.5, condition (i) also holds for every semisimple element in [G * , G * ] whose order is divisible by r, in particular, it holds for all generators of T in condition (ii). Hence the semisimple character χ x belongs to the Lusztig series defined by [x] can be considered as an irreducible character of S. Now it follows from the proof of [NT1, Lemma 9 .1] that if x ∈ [G * , G * ] is non-rational whose order is divisible by r and suppose x and x j are not G * -conjugate for some integer j ≥ 1 with (j, |S|) = 1, then χ 1 := χ x and χ 2 := χ x j are distinct irreducible characters of S whose fields of values are contained in the cyclotomic field Q k with k = |x|. (These are called p-rational characters.) Notice that if g ∈ S is a p-element and suppose |S| = p a m where (m, p) = 1, then χ i (g) ∈ Q m (as |x| divides m) and also
to its j-power. Therefore, χ 2 (g) = χ 1 (g) σ = χ 1 (g) as χ 1 (g) ∈ Q, and so two distinct irreducible characters χ 1,2 of S take the same value at the p-element g ∈ S. This argument will be used in Case 1b below.
In fact, since diagonal automorphisms preserve semisimple characters, χ 1 and χ 2 are Inndiag(S)-invariant.
Case 1a: g is both p-singular and r-singular for some prime r = p. We know that the Steinberg character St S of S vanishes at g. Furthermore, there exists an irreducible character χ of S of r-defect zero (see [Wi, Theorem] ) and since g is r-singular, we have χ(g) = 0. As St S and χ are distinct irreducible characters of S, both vanish at g, H is not an MV-group.
Case 1b: g is a p-element. Let T ≤ G * be a maximal torus,
If s ∈ T with prime order r where r |Z(G)|, then C G * (s) is connected, furthermore, there is a unique elements ∈ G of order r (existence follows by the fact r = |s| is prime to |Z(G)|) whose image in G/Z(G) is s; and ifs is regular, i.e., C G (s) = T , then C S (s) = T.
Let L be the set consisting of the following simple groups: PSL 3 (q), PSU 3 (q), PSp 4 (q) with q a Mersenne prime or PΩ + 2n (q) with 2|n ≥ 4. Assume first that S ∈ L. Then one can find two maximal tori T i ≤ G, i = 1, 2, such that Tables 3 and 4 (which are Tables II and III  in [BPS] ). Furthermore, each T i is cyclic with generator x i and there exists an integer m i > 1 such that the p.p.d r i := r(p, m i f ) exists and coprime to d with d = |Z(G)|. Now each x i is non-rational by checking equation (4) using the bound |N G ( T i )/ T i | ≤ n for classical groups by [BPS, Lemma 4.7] and the upper bound |N S (T i )/T i | for exceptional groups given in Table 3 . This verifies condition (ii).
Let S = PSL n (q) with n ≥ 4. Then (m 1 , m 2 ) = (n, n−1) and the existence of a regular semisimple elements i of order r i with |C G (s i )| = | T i | is guaranteed by [MoT, Lemma 2.4] . It follows that C G * (s i ) = T i as wanted, where s i is the image ofs i in S = G/Z(G).
Consider S = PSU n (q) with n ≥ 4. Define (m 1 , m 2 ) = (n, 2n − 2) if n is even and (m 1 , m 2 ) = (2n, n − 1) if n is odd. By our choices of T i and r i , each T * i has the property that it is uniquely determined (up to conjugation) by their order. Furthermore, the conjugacy class of maximal tori containing T * i is the only classes of maximal tori whose order is divisible by r i . Arguing as in [M3, Proposition 2.4] , let s i ∈ T i be any semisimple element of order r i . If C G * (s i ) is not a torus of G * , then its semisimple rank is at least 1, hence it contain two maximal tori of different order and both of these must have order divisible by r i , which is impossible. Hence s i is regular semisimple and T * i = C G * (s i ) which verifies (i).
For S = PSp n (q), n ≥ 4, Ω n (q), n ≥ 7 odd, q odd, PΩ − n (q), n ≥ 8 even and PΩ + n (q), n ≥ 10, n ≡ 2 (mod 4), the same argument applies as above with (m 1 , m 2 ) = (n, n/2), (n − 1, (n − 1)/2), (n, n − 2) and (n, n − 2), respectively. Let S = 2 B 2 (q), 2 G 2 (q), 2 F 4 (q) with q = p 2m+1 , m ≥ 1 and p = 2, 3, 2, respectively. Then G * = S = G as S ∈ S. Let m 1 = m 2 = 4, 6, 12. Then each prime divisor of |T i | is a p.p.d of p m i f − 1, where f = 2m + 1, by [BPS, Lemma 3.3] . Hence we can choose r i = r(p, m i f ) > 3 and by [BPS, Theorem 3 .1], every semisimple element in T i of order r i is regular and C G * (s i ) = T * i is a torus. The same argument applies to E 8 (q) with (m 1 , m 2 ) = (15, 30).
Let S = 3 D 4 (q). We can take m 1 = 12 and m 2 = 3. By [BPS, Theorem 3 .1], every semisimple element s 1 ∈ T 1 of order r 1 = r(p, 12f ) is regular and C G * (s 1 ) = T * 1 . Let 2 < k | q + 1 and 3 < r 2 = r(p, 3f ) | q 2 + q + 1, as in the proof of [BPS, Theorem 3.4 ] T 2 has a regular semisimple element s of order kr 2 . Hence T 2 has a regular semisimple element s 2 = s k of order r 2 . The same argument applies to E 7 (q), F 4 (q), E 6 (q), 2 E 6 (q) with (m 1 , m 2 ) = (7, 14), (6, 3), (9, 8), (18, 8) .
Finally, let S = G 2 (q), q ≥ 5. We can choose (m 1 , m 2 ) = (3, 6) and the result follows by applying [MoT, Lemma 2.3] .
For S ∈ L, the same argument as above applies if one can find a maximal cyclic torus satisfying the required properties. Consider S = PSL 3 (q), PSU 3 (q) or PSp 4 (q) with q a Mersenne prime. Then G = SL 3 (q), SU 3 (q) or Sp 4 (q) and
By our assumption on q, the p.p.d r = r(p, m) > 3 exists with m = 3, 6 and 4, respectively so (r, d) = 1 and G * has a maximal torus T such that |T | = |T ∩ [G * , G * ]| = |T 1 | as given in Table 4 and moreover T = x is cyclic. By [BPS, Lemma 4 .6], we have C G (s) = T for every s ∈ T with |s| = r. Therefore, condition (i) holds. From [BPS, Lemma 4.7] , we have that |N G ( T )/ T | ≤ n, with n = 3, 3, 4, respectively. Now it remains to check that φ(|x|) > n. For example, assume that S = PSL 3 (q). Then |x| = (q 2 + q + 1)/d with d = (3, q − 1) and n = 3. Since (q 2 + q + 1)/d is always odd, Lemma 2.4 yields that φ(|x|) ≥ |x| and thus, it suffices to show that |x| > 9 or equivalently q 2 + q + 1 > 9d with q ≥ 11 as S ∈ S. Now it is routine to check that the latter inequality holds whenever q ≥ 11. Hence (**) holds and so we can produce two distinct irreducible characters of H which take the same value at the p-element g, hence H is not an MV-group.
Finally, assume S ∼ = PΩ + n (q) with 8 ≤ n ≡ 0 (mod 4). Let T = T F be a maximal torus of G and let θ 1,2 ∈ Irr(T ). By [Ca, Corollary 7.2.9] ,
where R T,θ i is the Deligne-Lusztig generalized character associated to T and θ i . Assume furthermore that both θ 1,2 are trivial at Z(G) (note that Z(G) ≤ T ) and in general position. Then there is a sign = ± such that the characters R T,θ i of G are irreducible, trivial at Z(G), and take the same value at g. Hence, to rule out this case, it suffices to show there are at least two N G (T )/T -orbits on the irreducible characters of T that are in general position and trivial at Z(G).
Now we apply the above argument to the torus T such that T /Z(G) ∼ = T 2 with T 2 given in [BPS, Table VI] , in particular |T 2 | = (q n/2−1 +1)(q +1)/(4, q −1) 2 . Since (n, q) = (8, 2), the p.p.d r = r(p, (n − 2)f ) exists. It is straightforward to check that if θ ∈ Irr(T ) is of order divisible by r and trivial at Z(G), then θ is in general position; furthermore, there are at least two N G (T )/T -orbits of such characters. Hence we are done in this case. (Note that this argument can be applied to simple groups not of type D 2m as well. However, we have handled them using the set-up (**) since this set-up will be useful in subsequent cases considered below.) Case 1c: g is a p -element. Assume at first that S ∈ L. Assume the same setup as in the proof of Case 1b. Direct calculation shows that (|T 1 |, |T 2 |) = 1. Hence, |g| is coprime to |T k | for some k = 1, 2 and thus
k is abelian, we deduce that g G * ∩ T * k = ∅ and thus the two irreducible characters χ i , i = 1, 2 of S constructed in Case 1b with respect to the cyclic maximal torus T k = x k , with x k a non-rational element, vanish at g, so H is not an MV-group.
Consider S = PSL 3 (q), PSU 3 (q) or PSp 4 (q) with q a Mersenne prime. As in the proof of Case 1b, there exists a maximal torus T * of G * of order q 2 + q + 1, q 2 − q + 1, and q 2 +1, respectively. If T ∩g S = ∅, then H is not an MV-group as in the previous case. So, without loss of generality, one can assume g ∈ T with |T | = (q 2 + q + 1)/d, (q 2 − q + 1)/d and (q 2 + 1)/d. Since g is nontrivial, let r be a prime divisor of |g|. Then r divides |T |. From [SF] , PSL 3 (q) has at least two distinct irreducible characters whose degree is divisible by q 2 + q + 1 and thus they are of r-defect zero and hence they both vanish at g. Finally, if S ∼ = PSp 4 (q), then G * = (C 2 ) ad (q) and it has four distinct unipotent characters of the same degree q(q 2 + 1)/2 which are of r-defect zero (see [Ca, 13.8] ). These unipotent characters when restricted to S remain irreducible and are unipotent characters of S (see [M2] ) and since |G * : S| = 2, S has two distinct unipotent characters of degree q(q 2 + 1)/2 which are of r-defect zero so they both vanish at g.
(q) with 2|n ≥ 4 and q = p f (note that (n, q) = (4, 2) as S / ∈ S). Assume furthermore that (any inverse image of) g (in G) does not belong to a maximal torus T − of G of order (q + 1)(q n−1 + 1). Fix a prime r − = r(p, (2n − 2)f ). Then for any semisimple element s ∈ [G * , G * ] of order divisible by r − , the corresponding semisimple character χ s of G is trivial at s. Furthermore, χ s (g) = 0 (see for instance the arguments at the end of p. 1 of the proof of [MT, Proposition 4.5] ). Moreover, arguing as in (iii) of the proof of Proposition 2.5 one can show that there are at least two G * -classes of such s, and so at least two such characters vanish at g, a contradiction. The same arguments apply to a maximal torus T + of G of order (q − 1)(q n−1 − 1) and r + = r(p, (n − 1)f ). We have shown that g belongs to a conjugate of T + and to a conjugate of T − . In this case, the proof of [GT, Lemma 2.2] shows that g = 1, which is impossible. Case 2: S < H ≤ J := Inndiag(S).
Case 2a: g is p-singular. The Steinberg character St S of S extends to H which will be denoted by St H . Since |H : S| is coprime to p, St H ∈ Irr(H) is of p-defect zero and thus vanishes at g. By Gallagher's Theorem, St H = λSt H ∈ Irr(H) and vanishes at g where λ is any nontrivial linear character of H/S.
Case 2b: g is a p -element. By assumption, e := |H : S| > 1 divides d := |J/S|. Thus we need only consider S = PSL n (q), Ω 2n+1 (q), PSp 2n (q), PΩ 2n (q), E 6 (q), and E 7 (q), with d = (n, q − 1), 2, (2, q − 1), (4, q n − 1), (3, q − 1), or (2, q − 1). In particular, q is odd for all but types PSL n and E 6 , and q = 2 if S = E 6 (q) (as S / ∈ S).
Consider the case S / ∈ L or S is of type D 2m with m ≥ 2. For all but types D 2m and E 7 , we again look at the two cyclic tori T 1,2 ≤ [G * , G * ] constructed in Case 1b. If S is of type D 2m , we consider maximal tori T * 1 of order (q m−1 + 1)(q + 1) and T * 2 of order (q m−1 − 1)(q − 1) in G * . If S is of type E 7 , we consider maximal tori T * 1 of order Φ 1 (q)Φ 7 (q) and T * 2 of order Φ 2 (q)Φ 18 (q) in G * . By their construction, each T i contains a regular semisimple element s i of prime order r i with C G * (s i ) = T * i , giving rise to an irreducible character χ i of S. As mentioned above, these two characters are J-invariant. Let θ i ∈ Irr(J) lying above χ i . Note that J/S is cyclic, unless S is of type D 2m in which case J/S ∼ = C 2 2 . So we can write θ i (1) = a i χ i (1), where either a i = 1, or a i = 2 and S is of type D 2m . Also, χ i (1) = [G * : T * i ] p , |G * | = |J|, and J ∼ = (G/Z(G)) F with G/Z(G) being of adjoint type. Thus any semisimple element in the dual group J * of J has connected centralizer in the underlying algebraic group. Suppose that θ i belongs to the rational Lusztig series labeled by the semisimple element t i ∈ J * and corresponds to the unipotent character ψ i of C J * (s i ). As shown in [M1, §6.7] , the condition θ i (1) is coprime to p and our assumption on q imply that ψ i is the principal character of C J * (t i ) and so θ i is the semisimple character labeled by t i . It follows that |C J * (t i )| p = |T * i |/a i . On the other hand, C J * (t i ) contains a maximal torus of J * . Comparing the order of tori in question, we see that a i = 1 and in fact C J * (t i ) is a maximal torus of order |T * i |. In particular, χ i extends to ϑ i := (θ i ) H . Now we show there must be some i ∈ {1, 2} such that ϑ i (g) = 0. By Gallagher's theorem, ϑ i γ belong to Irr(H) and vanish at g for all γ ∈ Irr(H/S), yielding a contradiction. Assume the contrary: θ i (g) = 0 for both i = 1, 2. Arguing as in p. 1 of the proof of [MT, Proposition 4 .5], we see that g belongs to two maximal tori T 1 and T 2 of J with |T i | = |T * i | for i = 1, 2; in particular, |C J (g)| is divisible by both |T * 1 | and T * 2 | for the semisimple element 1 = g ∈ J. This is however impossible for S of types E 6 and E 7 by the proof of [LM, Theorem 10.1] . This is also impossible for classical groups as T * 1 ∩ T * 2 = 1, cf. [MSW, §2] , [LST, §2] , and [GT, Lemma 2.2]. Finally, for S ∼ = PSL 3 (q) or PSp 4 (q) with q a Mersenne prime, we can argue as above using the maximal torus in Case 1c and deduce that g ∈ T * . If H = PGL 3 (q), then by [St] , g belongs to the class labeled by C 1 and H has two irreducible characters of degree q 2 + q + 1 and q(q 2 + q + 1) both vanish at g. If S = PSU 3 (q), then q + 1 = 2 r for some prime r and thus 3 (q + 1). So, this case cannot happen. Finally, assume S = PSp 4 (q) with q a Mersenne prime. Inspecting [Sr] , we see that g fuses two irreducible characters of degree (q 2 + 1)/2 and two other of degree q 2 (q 2 + 1)/2 of S, a contradiction.
We are now ready to prove our main result.
Proof of Theorem A. From Table 1 , if G ∼ = A 5 , then G is an MV(g)-group if and only if |g| = 5. Let G be a finite nonsolvable MV(g)-group for some g ∈ G. We claim that G ∼ = A 5 and the result follows. So, assume that G is an MV(g)-group for some g ∈ G but G ∼ = A 5 and choose G with |G| minimal. By Proposition 2.2(iii), G is almost simple with nonabelian simple socle G . By Proposition 2.3, G is not a sporadic group, the Tits group nor an alternating group of degree at least 5. Furthermore, G is not a simple group of Lie type by Proposition 2.6. We now obtain a contradiction by invoking the classification of finite simple group.
